In this article, we establish some new existence results on positive solutions of a boundary value problem of coupled systems of nonlinear multi-term fractional differential equations. Our analysis rely on the well known fixed point theorems. Numerical examples are given to illustrate the main theorems.
Introduction
Fractional differential systems have many applications in modeling of physical and chemical processes and in engineering and have been of great interest recently. In its turn, mathematical aspects of studies on fractional differential systems were discussed by many authors, see the text book [6, 13] and papers [1, 7, 9, 11, 14, 15, 16, 20, 21, 22, 23] .
In [20] , the author studied the existence of positive solutions (continuous on [0, 1]) of the following (n − 1, 1)-type conjugate boundary value problem for the coupled system of the fractional differential equations (1.1)
where λ is a parameter, α ∈ (n − 1, n] is a real number and n ≥ 3, and D α 0+ is the Riemann-Liouville s fractional derivative, and f, g are continuous and semipositone.
In [9] , the author studied the system of fractional boundary value problems of the form In known literature, D α 0 + u(t) + f (t, u(t)) = 0 is known as a single term equation. In certain cases, we find equations containing more than one differential terms. A classical example is the so-called Bagley Torvik equation 0 + y(x) + Cy(x) = f (x), where A, B, C are constants and f is a given function. This equation arises from for example the modelling of motion of a rigid plate immersed in a Newtonian fluid. It was originally proposed in [18] . Another example for an application of equations with more than one fractional derivatives is the Basset equation . It describes the forces that occur when a spherical object sinks in a (relatively dense) incompressible viscous fluid, see [4, 12] .
In [17] , Su investigated the existence of positive solutions (continuous on [0, 1]) of the following boundary value problem of nonlinear multi-term fractional differential system where α, β ∈ (1, 2), D0+ is the Riemann-Liouville's fractional derivative, 0 < p < β − 1, 0 < q < α − 1, γη α−1 < 1 and γη β−1 < 1, f, g : [0, 1] × R+ × R → R are continuous functions.
In [21] , authors studied the existence of multiple positive solutions (continuous on where αi ∈ (1, 2), D0+ is the Riemann-Liouville's fractional derivative, 0 < µi−1 < αi − 1 with µ0 = µN , fi :; [0, 1] × R+ × R → R(i = 1, 2, · · · , N ) are continuous functions.
In [1] , the authors investigated the existence of positive solutions (continuous on [0, 1]) of the following boundary value problem of nonlinear multi-term fractional differential system (1.5)
where α, β ∈ (1, 2), D0+ is the Riemann-Liouville's fractional derivative,
In [24] , authors studied the existence of solutions of the following four-point coupled boundary value problem for nonlinear fractional differential equation
where 1 < α, β < 2, D * 0 + and I * 0 + are the standard Riemann-Liouville differentiation and integration, f, g : [0, 1] × R 4 → R are continuous functions, a, b ∈ R, ξ, η ∈ (0, 1) with abξ β−1 η α−1 = 1. In [8] , the existence of positive solutions of the following four-point boundary value problem of multi-term fractional differential system
was studied, where
4 → R are continuous functions and the following assumption (A):
In [2] , Ahmad and Sivasundaram considered the existence and uniqueness of solutions for the following four-point nonlocal boundary value problem of nonlinear fractional integro-differential equation
We remark that the boundary conditions x (0) + αx(η1) = 0, bx (1) + x(η2) = 0 arise in the study of heat flow problems involving a bar of unit length with two controllers at t = 0 and t = 1 adding or removing heat according to the temperatures detected by two sensors at t = η1 and t = η2.
We note firstly that the existence of positive solutions of BVP(1.7) has not been concerned in known papers when the assumption (A) does not hold. Secondly, to guarantee the solvability of BVP(1.3) and BVP(1.5) in [1] , the assumptions imposed on the nonlinearities are as follows:
While in [17] , another assumptions imposed on f, g are as follows:
By carefully checking Example 3.1 in [17] , one finds that the solution obtained may be the zero solution. This fact makes these papers far from perfect. Thirdly, it is easy to show that the following problem
has a continuous solution on [0, 1]
is not measurable on (0, 1). Hence it is interesting to investigate the solvability of mentioned problems with non-Caratheodory functions.
Motivated by above mentioned papers, we discuss the existence of solutions of the following boundary value problem of the multi-term fractional differential system (1.8)
(ii) 0 < ξ ≤ η < 1 and a, b, c, d ≥ 0, (iii) R denote the set of real numbers and R+ the set of nonnegative real numbers, p, q : (0, 1) → R+, p satisfies that there exist numbers k1, l1 such that k1 > −1, α − m + l1 > 0, 2 + k1 + l1 > 0 and |p(t)| < t k 1 (1 − t) l 1 for t ∈ (0, 1), q satisfies that there exist numbers k2, l2 such that k2 > −1, β − n + l2 > 0, 2 + k2 + l2 > 0 and |q(t)| < t
for t ∈ (0, 1), with p(t) ≡ 0 and q(t) ≡ 0 on (0, 1), (iv) f, φ1, ψ1 : (0, 1) × R+ × R → R+ are (n, β)−Caratheory functions and g, φ2, ψ2 : (0, 1)×R+ ×R → R+ is a (m, α)−Caratheory functions with f (t, 0, 0) ≡ 0 and g(t, 0, 0) ≡ 0 on (0, 1).
We obtain the results on positive solutions of BVP( 
It is easy to see that both t 
The remainder of this paper is arranged as follows: in Section 2, we present preliminary results; in Section 3, the main result is presented; and two examples are given in Section 4 to illustrate the main result.
Preliminary results
For the convenience of readers, we present here the necessary definitions from fixed point theory and fractional calculus theory.
2.1. Definition. Let X be a Banach space. An operator T : X → X is completely continuous if it is continuous and maps bounded sets into relatively compact sets [3] .
Definition. The Riemann-Liouville fractional integral of order
α−1 f (s)ds, provided that the right-hand side exists [13] .
ds, where n − 1 ≤ α < n, provided that the right-hand side exists [13] .
(ii) (x, y) → h t, t α−2 x, t 2+m−α y is continuous for a.e. t ∈ (0, 1),
(iii) for each r > 0, there exists nonnegative function φr ∈ L 1 (0, 1) such that |u|, |v| ≤ r imply h t, t α−2 x, t 2+m−α y ≤ φr(t), a.e., t ∈ (0, 1).
where Ci ∈ R, i = 1, 2, . . . n [13] .
with the norm
It is easy to show that X is a real Banach space.
Choose
It is easy to show that Y is a real Banach space.
Thus, (X × Y, || · ||) is Banach space with the norm defined by
For ease expression, we denote Fm,
2.6. Lemma. Suppose that ∆ = 0 and (B0) h ∈ C 0 (0, 1) and there exist k > −1 and l ≤ 0 such that 2 + l + k > 0 and
Proof. From (B0), we have
Suppose that x ∈ X is a solution of (2.2). Lemma 2.5 implies that there exist ci(i = 1, 2) such that
One sees from the boundary conditions in (2.2) that
It follows that
Substitute c1, c2 into (2.4), we get (2.3).
On the other hand, if x ∈ X satisfies (2.3), we can show that x ∈ X is a solution of BVP(2.2). The proof is completed.
2.7. Lemma. Suppose that ∇ = 0 and (B0) holds. Then y ∈ Y is a solution of problem
Proof. The proof is similar to that of Lemma 2.6 and is omitted.
Define the operator T on X × Y by T (x, y)(t) = ((T1y)(t), (T2x)(t)) with (T1y)(t) =
By Lemmas 2.6 and 2.7, we have that (x, y) ∈ X × Y is a solution of BVP(1.8) if and only if (x, y) ∈ X × Y is a fixed point of T .
2.8. Lemma. Suppose that (i)-(iv) defined in Section 1 hold, ∆ = 0 and ∇ = 0. Then
It is easy to show that T is completely continuous, we refer similar proofs to [1] . The proof is complete. Now, we rewrite
Here
and
G(t, s) ≥ 0 for all t, s ∈ (0, 1), H(t, s) ≥ 0 for all t, s ∈ (0, 1).
Proof. By the definitions of G, we consider six cases:
, we have
It is easy to show that (t − s)
Case 2. max{t, η} < s ≤ 1. We note that 0 ≤ a ≤
. Then
Case 4. ξ < s ≤ t. We have
Case 5. t < s ≤ ξ. We have
Case 6. max{t, ξ} < s ≤ η. We have
We know by the definition of G that G(t, s) ≥ 0 for all t, s ∈ (0, 1). Similarly we can prove that H(t, s) ≥ 0 for all t, s ∈ (0, 1) The proof is completed.
Main results
In this section, we prove existence result on solutions of BVP(1.8). Let µi, υi, ωi, λi (i = 1, 2) and ∆, ∇ be defined by (2.1). For Φ ∈ L 1 (0, 1), denote ||Φ||1 = 1 0 |Φ(s)|ds. The following assumption will be used in the main theorem.
(B1) there exist nonnegative constants bi, ai(i = 1, 2), Bi, Ai, Ci, Di(i = 1, 2) and 1, δi, γi, σi (i = 1, 2), Φi, Ψi, Φi0, Ψi0 ∈ L 1 (0, 1)(i = 1, 2) and bounded functions Φ, Ψ such that
For ease expression, denote Section 1 and (B1) hold. Then BVP(1.8) has at least one positive solution if one of the followings is satisfied:
Proof. From Lemmas 2.6 and 2.7, we know that (x, y) is a solution of BVP (1.8) To get a fixed point of T , we apply the Schauder's fixed point theorem. We should define an closed convex bounded subset Ω of E such that T (Ω) ⊆ Ω.
It is easy to see that
||x|| ≤ ||x − Φ|| + ||Φ|| ≤ r1 + ||Φ||, ||y|| ≤ ||y − Ψ|| + ||Ψ|| ≤ r2 + ||Ψ||.
Furthermore, we have
hold for all t ∈ (0, 1). It follows that
By the definition of T , we have
and similarly we get
We get
Similarly we get
If there exists r1, r2 > 0 such that
Remark. If (B1) holds with max{ 1, δ1} max{σ1, γ1} ≥ 1, it is easy to see that all known results in [1, 17] can not be applied to establish existence results for solutions of BVP(1.8). It is easy to see that lim M = lim N = 0 for sufficiently small ai, bi, Ci, Di, Ai, Bi(i = 1, 2). Then
M τ . hold for sufficiently small ai, bi, Ci, Di, Ai, Bi(i = 1, 2). From Theorem 3.1, BVP(1.8) has at least one solution for στ < 1, and for sufficiently small ai, bi, Ci, Di, Ai, Bi(i = 1, 2) when στ ≥ 1.
Numerical examples
In this section, we present two examples for the illustration of our main result (Theorem 3.1).
Example.
We consider the following boundary value problem (4.1) 
(ii) BVP(4.1) has at least one positive solution if
and one of the followings holds:
(iii) BVP(4.1) has at least one positive solution if
with ai, bi(i = 1, 2) sufficiently small. = k2, and l1 = − 21 20 , l2 = − 23 20 . One sees that k1 > −1, α − m + l1 > 0, 2 + k1 + l1 > 0, k2 > −1, β − n + l2 > 0, 2 + k2 + l2 > 0. One sees that both p and q are not integrable on (0, 1). Hence (i)-(iv) defined in Section 1 hold.
By direct calculation using Matlab7, we find that µ1 = ≈ 0.4237.
. By direct computation, we find that One sees that (B1) holds with Ai = Bi = Ci = Di = 0(i = 1, 2), Φi0(t) = Ψi0(t) = 0(i = 1, 2), Φi(t) = Ψi(t) = 0(i = 1, 2), Φ(t) = t 2 , Ψ(t) = t 5 .
Furthermore, we have 
Remark.
Since both p and q are not measurable on (0, 1), we know that all known results in [1, 17] can not be applied to establish existence results for solutions of BVP(4.1). Hence Theorem 3.1 fills a gap not covered by [1, 17] .
Example.
We consider the following boundary value problem and φi(t, u, v) = ψi(t, u, v) ≡ 0(i = 1, 2) and p(t) = t . One sees that k1 > −1, α − m + l1 > 0, 2 + k1 + l1 > 0, k2 > −1, β − n + l2 > 0, 2 + k2 + l2 > 0. One sees m > α − 1, n > β − 1.
Then Theorem 3.1 implies that BVP(4.2) has at least one positive solution if one of the followings is satisfied:
(I) τ σ < 1 (II) τ σ ≥ 1 for sufficiently small ai, bi(i = 1, 2).
